Diffusion of fluid particles by chaotic advection in two-dimensional temporally-periodic Rayleigh-Benard convection is studied numerically and theoretically. The dependence of its diffusion constant D on the amplitude B of lateral oscillation is found to be proportional to /B (i.e., Dex/B) with several fine-grained peaks .. l ) have shown experimentally that fluid particles diffuse in Rayleigh-Benard convection which oscillates temporally. This diffusion is a fascinating manifestation of the Lagrangian turbulence and is about 10 3 times larger than the molecular diffusion due to the Brownian motion.
Solomon and Gollub
l ) have shown experimentally that fluid particles diffuse in Rayleigh-Benard convection which oscillates temporally. This diffusion is a fascinating manifestation of the Lagrangian turbulence and is about 10 3 times larger than the molecular diffusion due to the Brownian motion.
l )
We shall study its diffusion constant D numerically and theoretically. Its dependence on the amplitude B of lateral oscillation will turn out to differ from the result of Solomon and Gollub, DrxB for small values of B_1) The origin of the difference and some other new features will be clarified.
The time-independent velocity field in Rayleigh-Benard convection with rigid boundary can be given by solving the Navier-Stokes equation that is. simplified by the Boussinesqapproximation.
)
We shall study the two-dimensional incompressible flow which can be described by a stream function lJfo(x,
A is the maximum velocity in the flow, and W(z) is a function that satisfies the rigid boundary condition at the top and bottom surfaces. Now, we set in the Rayleigh number so as to oscillate the velocity field periodically. It can be seen from Fig. 1 that the orbits of particles near the separatrices (i.e., the vertical lines at x=integers) are chaotic and jump from one cell to the other successively. We shall determine the diffusion constant D for x(t) in this widespread chaotic region. First, 1000 test particles are put uniformly on a small part of the line x=O, and the orbits of these particles are computed individually. D is defined by4) (1) where Xn=X(n) is the x coordinate of a particle at time n, and < ... > denotes the ensemble average over the particles. D is determined numerically for different values of B with 0<B<0.16. An example for «Xn-xoY> vs n is shown in Fig. 2 , and loglOD vs log lOB is plotted in Fig. 3 . We can see that D depends linearly on /B with severaJ fine-grained peaks indicated by the vertical arrows.
Dr:x/B can be understood from a simplified stochastic model as follows. Let the lateral transition probability of a chaotic orbit from the ith cell to the jth cell be Pji and suppose that (2) where ~jPji=1. Then (1) with n=lleadsto D=(1/2) ~ij-iYPji=P. Let Ci be the chaotic region of the ith cell and m( C) be its measure. The region into which Ci is mapped after one period of oscillation is denoted by F( C). Then we have
To estimate the denominator of (3), we suppose that the tori which is not destroyed for 1~ B >0 do not change their shapes qualitatively from those for B=O. The z coordinate which separates the chaotic region from the tori at x= i +0.5 is denoted by z*( ~0.5) and the x coordinate which does at z=O.O is denoted by x*( ~O). The time interval for which the test particles stay near the line x=o with velocity u=i(t) in the x direction is denoted by 8t. Then x* is related to B by x*~ JStu(O, z(t), t)dtcxB for B~1, and z* is related to x* by Wo(x*, 0)= W o(0.5, z*). As Iz*-0.51<1, we have W(z)~(z*-0.5)2. These equations lead to Iz*-0.5I cx JB so that the denominator is estimated as m(C)~x*+lx*-0.5IcxB+JB.
Next we estimate the numerator, which is supposed to be proportional to <lui> Iz* -0.51, where <lui> is the average velocity through the separatrices. The dependence of <lui> on B is given as follows. By definition, u= -aW(x, z, t)/az~ Asin{7r(x + Bsin(27rt))}(z-0.5) .
(4)
The maximum and minimum value of the probability density J?(z) for z(t) in the widespread chaotic region with z*<z<0.5 between separatrices are denoted by J?max and J?mln, respectively. If J?max-J?mln~J?(Z), then J?(z) is given by 1/(0.5-z*), leading to (5) After all, (6) This result differs from that of Solomon and Gollub. Their result can be understood as follows. If one cell is filled uniformly with test particles as in their simulation, then the fact that the particles do not diffuse in tori has to be taken into account. We define the torus region Ti of the ith cell and its measure m( TJ The diffusion constant in C is denoted by Dc and the one in Ti by Dt. m( C;) and Dc are both proportional to JB, whereas m( T i ) and Dt are proportional to 1 -JB and 0, respectively. Then D=m(Ti)·Dt+m(C)·Dc~B, leading to their linear dependence on B. The diffusion constant, however, should be defiried only for chaotic orbits in the widespread chaotic region.
The peaks of D(B) can be understood as follows. When B=O, the invariant manifolds cut off between cells and the test particles cannot jump from one cell to the other. When B=f::.O, they intersect successively5) and the test particles become to be able to jump from one cell to the other along the heteroclinic orbits, leading to the diffusion. As B is increased, a large area happens to be enclosed by an unstable and a stable manifold started from parabolic points with different x coordinates, as shown in Figs. 4(b) and 5. This will be called the heteroclinic overlap. Then the partIcles in thi$ area jump from one cell to the other after a few oscillation times, so that
m(F(2)(C;) n Ci±2) becomes greater than "2,jJ?i±2jJ?ji=p2, where F(2)(C)=F(F(C i ))
denotes the second iterate. This looks like constituting pipes between cells. Since the enhancement part of the diffusion constant is estimated by m(F(2)( C) n Ci±2) from Fig. 4(b) , where the areas enclosed by W S 'and W" are indicated by the shaded areas (1), (2) and (3). By one oscillation the area (1) is transported to (2), and (2) to (3).
enclosed by the invariant manifolds becomes small as shown in Fig. 4(c) , since the unstable and stable manifold intersect, so that the enhancement part becomes small. Thus the peaks are formed due to the heteroclinic overlap. Figure 4 is for the peak at B=0.05, and similar figures can be obtained around the peaks at B=O.Ol and B =0.1. It thus turns out that the measure m(F(2)(C) n ei±2) determines the height of peaks; and the dependence of the measure on B determines their shape. But it seems that the heteroclinic overlap is sensitive to B so that the height and the shape of peaks are difficult to predict.
Solomon and Gollub used orbits of particles only for one complete period of oscillation. But, as Fig. 5 shows, the effect of the .heteroclinic overlap can be observed only if one takes into account at least more than a few periods. Hence they could not find the peaks. Broomhead and Ryrie < a< 1. This also differs from ours. But their numerical results seem to imply the existence of some peaks similar to ours. Any theoretical analysis, however, was not given. Each island in the chaotic region is encircled by a critical torus and chaotic orbits stick to the critical tori repeatedly with an inverse-power distribution of sticking times.
3 ), 4) As shown for the standard map in a previous paper/) this feature can be characterized by the spectrum ¢n(A) of the expansion rate An of nearby chaotic orbits of length n, describing the mixing of chaotic orbits explicitly.S) Figure 6 shows this spectrum for n=lOO, 500 and 1000, where the mean sticking time is <r>""9.13. As n ->00, the curve tends to ¢oo(A)=O for 0<A<Aoo""0.36 in agreement with theoretical prediction, where Aoo is the Liapunov exponent.
),7)
The asymptotic form ¢oo(A) is illustrated in Fig. 7 . The linear part of slope s=O for O<A <Aoo is due to the 0.04 long-time correlation caused by the sticking of chaotic orbits to the tori and walls.
The linear part of slope s = -2 for A < 0 is due to the homoclinic tangencies of the invariant manifolds.
S )
The spectra for the expansion rate as well as the diffusion velocity will be studied in detail in a subsequent paper.
We have studied the diffusion constant D by chaotic advection for wavy Rayleigh-Benard convection. We have found that Dcx./B and D has fine-grained peaks at several values of B. Their physical mechanism has been clarified. The diffusion constant must be measured by putting the test particles only in the widespread chaotic region. Then Dcx./B must be observed. If it is measured over some periods, then the peaks must appear. There are some indications that accelerator mode tori
